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Abstract
Let P be a poset in a class of posets P. A smallest positive integer r is called reducibility number of P with respect to P if there
exists a non-empty subset S of P with |S| = r and P − S ∈ P. The reducibility numbers for the power set 2n of an n-set (n2)
with respect to the classes of distributive lattices, modular lattices and Boolean lattices are calculated. Also, it is shown that the
reducibility number r of the lattice of all subgroups of a ﬁnite group G with respect to the class of all distributive lattices is 1 if and
only if the order of G has at most two distinct prime divisors; further if r is a prime number then order of G is divisible by exactly
three distinct primes. The class of pseudo-complemented u-posets is shown to be reducible. Deletable elements in semidistributive
posets are characterized.
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1. Introduction
The notion of reducibility in ﬁnite lattices is studied by Bordalo and Monjardet [2]. This notion for ﬁnite posets is
studied by Kharat and Waphare [6]. An element x of a lattice L satisfying certain properties is deletable if (L − x) is
a lattice satisfying those very properties of L. A class of lattices is reducible if each lattice with at least two elements
of this class admits at least one deletable element. This very deﬁnition ﬁts in for posets if we replace the term lattice
by the term poset. Equivalently one easily notes that a class of lattices (posets) is reducible if and only if one can go
from any lattice (poset) in this class to the trivial lattice (poset) by a sequence of lattices (posets) of the class obtained
by deleting one element at each step. This notion, however, is different from the notion of dismantlability for lattices;
Rival [8] examines this concept.
It is known that some classes of lattices (see [2]) and that some classes of posets (see [6]) are not reducible. A class
of posets is not reducible means there is a member of the class no element of which is deletable. Naturally, one can ask
the following question.
If P is a poset of a non-reducible classP of which no element is deletable, then what is the least number of elements
that are required to be deleted from P so that the resulting poset after deletion of those elements becomes a member
of P?
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For example consider a lattice 2X, the power set of subsets of X where X ={1, 2, 3}. No element of this lattice 2X is
deletable with respect to the class of distributive lattices. But if we delete two elements, namely {1} and {1, 2}, of 2X,
we get a distributive lattice. That means at least two elements are needed to be deleted from 2X to have the resulting
lattice again a distributive lattice.
The above discussion motivates to introduce a very important concept of reducibility number. In what follows |A|
will denote the number of elements in A. Note that we are considering ﬁnite sets only.
Deﬁnition 1.1. LetP be a class of posets andP ∈ P.We say that a non-empty subset S ofP isP-deletable ifP−S ∈ P.
A positive number r is calledP-reducibility number of P, denoted by red(P,P), if there exists aP-deletable subset S
of P with |S| = r and no non-empty subset T of P with |T |<r is deletable.
Remark 1.2. (1) A class P is a reducible class of posets if and only if for any non-trivial P ∈ P, red(P,P) = 1.
(2) If P is a class of lattices closed for sublattices and if P ∈ P is a dismantlable lattice then red(P,P) = 1.
In Section 2, we shall enumerate reducibility number for the power set of an n-set with respect to (i) the familyD of
distributive lattices, (ii) the familyM of modular lattices and (iii) the family B of Boolean lattices. For a ﬁnite cyclic
group G, we shall show that the reducibility number of its subgroup lattice is connected to the order of G.
In Section 3, we show that a subclass of pseudo-complemented posets is reducible, namely the class of pseudo-
complemented u-posets. Deletable elements in semidistributive posets are characterized and it is observed that this
class is not reducible.
Let us mention some relevant notations which we would be using frequently. An interval in a poset P, denoted by
[x, y] with x, y ∈ P , is the set of all z ∈ P for which xzy. For elements a, b of a posetP, we say that a is covered by
b ( or b covers a) if a <b and there is no c such that a < c<b and this fact is denoted by a ≺ b.An element x ∈ P is join-
irreducible (respectively,meet-irreducible) if x covers (respectively, is covered by) a unique element. J (P )(respectively,
M(P)) shall denote the set of all join-irreducible elements (respectively, of all meet-irreducible elements) of a given
poset P. The set J (P )∩M(P) is the set of all doubly irreducible elements of P and the set J (P )∪M(P) is the set of
all irreducible elements of P. For x ∈ P , {x}− = {y ∈ P : y ≺ x} and {x}+ = {z ∈ P : x ≺ z}. It is immediate that if
x ∈ J (P ) then {x}− is a singleton set and so also {x}+ if x ∈ M(P), and we shall denote these singleton sets simply
by x− and x+, respectively. For x ∈ P , the depleted poset P − {x} is denoted by (P − x) and for a, b ∈ (P − x), if
a is covered by b in (P − x) in the induced partial order on (P − x), we shall denote the same by a≺xb. In a poset P
of ﬁnite length with 0, the height or dimension h(x) of an element x ∈ P is the least upper bound of the lengths of the
chains between 0 and x. If P has a universal bound 1, then clearly h(1)= length of the poset P. Clearly also, h(x) = 1
if and only if x covers 0.
For known concepts in lattices and posets one may refer to [4,5,1,9].
2. Reducibility number of 2n
Let D denote the class of distributive lattices. Consider the lattice L = 24, the power set of four-element set, say,
{1, 2, 3, 4}. This is a Boolean lattice. We mention the following result proved in [2].
Theorem 2.1. Let x be an element of a distributive lattice L. Then x is deletable if and only if either x ∈ J (L)∩M(L),
or x ∈ M(L) − J (L) and x+ ∈ J (L), or x ∈ J (L) − M(L) and x− ∈ M(L).
Observe that no element of L = 24 satisﬁes the criterion of deletable elements given in Theorem 2.1; therefore, no
element of L = 24 is deletable. It is easy to verify that, for a subset S of L, if |S| = 2 or |S| = 3 then S is not deletable,
that is, L − S /∈D. In fact, it is easy to verify that red(L,D) = 4.
More generally, we shall establish the following enumerative result.
Theorem 2.2. Let L = 2n, n2 then red(L,D) = 2n−2.
We intend to ﬁnd the reducibility number for the lattices that are direct product of chains. The direct product of two
lattices L1 and L2, denoted as L1 × L2, is the set of all ordered pairs (x, y) with x ∈ L1, y ∈ L2, partially ordered by
the rule (x1, y1)(x2, y2) if and only if x1x2 in L1 and y1y2 in L2.
Interestingly, we ﬁnd the exact D-reducibility number of all lattices of this class in Theorem 2.3.
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Theorem 2.3. Let L=C1 ×C2 × · · · ×Ck be a lattice where each Ci(i = 1, 2, . . . , k) is a chain of length ei . Without
loss of generality, assume that e1e2 · · · ek . Then red(L,D) = (e3 + 1)(e4 + 1) . . . (ek + 1).
Proof. If k=1, then L is a chain and it is clear that red(L,D) = 1 and hence the result is true. If k=2, then the element
(e1, 0) ∈ L=C1 ×C2 (where e1 is the largest element of C1 and 0 is the least least element of C2) is in J (L)∩M(L).
Indeed, for (i1, i2), (j1, j2) ∈ C1 ×C2, (i1, i2)∧ (j1, j2)= (e1, 0) implies i1 ∧ j1 = e1 and i2 ∧ j2 = 0. We get i1 = e1,
j1 = e1 and i2 = 0 or j2 = 0, which implies (i1, i2)= (e1, 0) or (j1, j2)= (e1, 0). Therefore, (e1, 0) is meet-irreducible
and dually it is join-irreducible also. Consequently, by Theorem 2.1, (e1, 0) is deletable.
Now suppose k3 and denote L = C1 × C2 × · · · × Ck = {(i1, . . . , ik) : 0 i1e1, . . . , 0 ikek}. Deﬁne
S = {(i1, . . . , ik) : i1 = 0, i2 = e2}. We prove that L− S is a sublattice of L. Let (i1, . . . , ik), (j1, . . . , jk) ∈ L− S. We
have the following two cases.
Case I: Let i1 = 0 and j1 = 0. Observe that (i1, . . . , ik) ∧ (j1, . . . , jk) = (i1 ∧ j1, . . . , ik ∧ jk) ∈ L − S, since
i1 ∧ j1 = 0.
Case II: Suppose either i1 = 0 or j1 = 0, say i1 = 0. Since i1 = 0 we have i2 = e2 and therefore i2 ∧ j2 = e2.
Consequently, (i1, . . . , ik) ∧ (j1, . . . , jk) = (0, i2 ∧ j2, . . . , ik ∧ jk) ∈ L − S.
Therefore, L − S is closed under meet and dually L − S is closed under join. Hence, L − S is a sublattice of L and
therefore distributive. As |S| = (e3 + 1)(e4 + 1) . . . (ek + 1), we have red(L,D)(e3 + 1)(e4 + 1) . . . (ek + 1).
On the other hand, we prove that if S is a deletable subset of L then |S|(e3+1)(e4+1) . . . (ek+1).We use induction
on the number of chains k to prove the conjecture. For k = 2 nothing to prove. Suppose k3 and L = L1 × Ck where
L1 = C1 × C2 × · · · × Ck−1. We assume that the elements of Ci are 0 ≺ 1 ≺ 2 . . . ≺ ei . Put Ai = {(x, i) : x ∈ L1},
for i = 0, 1, 2, . . . , ek . Then every Ai is a convex sublattice of L and is isomorphic with L1. By induction hypothesis
red(Ai,D) = (e3 + 1) . . . (ek−1 + 1) = m1. If S is a deletable subset of L then Ai ∩ S is a deletable subset of Ai for
every i. If Ai ∩ S = , then by induction hypothesis |Ai ∩ S|(e3 + 1)(e4 + 1) . . . (ek−1 + 1) = m1. Therefore, if
Ai ∩ S =  for every i then |S| = |L(=⋃eki=0Ai) ∩ S| = |
⋃ek
i=0(Ai ∩ S)|m1(ek + 1) = m; as required.
Hence, assume that Ai ∩ S =  for some i. Further, select i such that either Ai ∩ S =  and Ai−1 ∩ S =  or
Ai ∩ S =  and Ai+1 ∩ S = .
Case (): Ai ∩ S =  and Ai−1 ∩ S = .
If Ai−1 ⊆ S then |S| |Ai−1| = (e1 + 1)(e2 + 1) . . . (ek−1 + 1)(e3 + 1) . . . (ek + 1) = m as required. Suppose
that Ai−1S. We need to handle the following situations.
(1) The zero element of Ai−1 is not in S: If it is in S and i−1=0 then L−S is not even a lattice; if i−1 = 0 then S has
to contain complete Ai−1 except possibly the zero element of Ai−1. But in that case |S| |Ai−1|m as required.
(2) Ai−1 −S is convex: Suppose x, y, z ∈ Ai−1 such that x< y< z with x, z /∈ S and y ∈ S. Consider the element y′ in
Ai such that y ≺ y′. Note that z∧y′ exists in L−S. Therefore, (Ai −S)∩ (y] has largest element, say x1. Consider
x′1, z′ ∈ Ai such that x1 ≺ x′1 and z ≺ z′. As z‖x′, z‖y′, z ≺ z′,x′z′, y′z′, we have z ∨ y′ = z′ and z ∨ x′1 = z′
in L− S. By the choice of x1, we have z ∧ y′ = x1, z ∨ x′1 = x1 in L− S. Therefore, the set {x1, z, x′1, y′, z′} forms
a pentagon in L − S. That is not possible as the lattice L − S should be a distributive lattice.
From (1) and (2) we conclude that the largest element of Ai−1 must be in S. Further, if two dual atoms, say x, y of
Ai−1, are not in S then these two elements x, y together with the element y′ in Ai that are covered by the dual atom y
will generate a pentagon sublattice in L−S. Therefore, Ai−1 −S contains at the most one dual atom of Ai−1. If a dual
atom ofAi−1, say xj =(e1, e2, . . . , ej−1, ej −1, ej+1, . . . , ek−1, i−1) for some j (1jk−1), is not in S then all the
elements of Ai−1 which are not less equal xj , i.e. the elements of the form (i1, i2, . . . , ij−1, ej , ij+1, . . . , ik−1, i − 1),
with 0 ilel , 1 lk − 1, must be in S. But then the cardinality of S, |S|(e1 + 1)(e2 + 1) . . . (ej−1 + 1)(ej+1 +
1) . . . (ek−1 + 1)(e3 + 1)(e4 + 1) . . . (ek + 1) = m as required.
Now, if all the dual atoms of Ai−1 are in S then we consider the elements of Ai−1 which are covered by some dual
atoms of Ai−1. By the same arguments as above, at the most one element of this set is not in S and if precisely one
element of this set is in S then |S|m. Otherwise, continuing the same arguments we come to the conclusion that
|S|m is always true.
Case (): Ai ∩ S =  and Ai+1 ∩ S = .
In this case also |S|m follows by the dual arguments of Case (). Therefore, red(L,D)= (e3 +1)(e4 +1) . . . (ek +
1) = m. 
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Proof of Theorem 2.2. Let L = 2n, n2. Observe that L is a direct product of n chains each of which is of length 1.
Therefore, we have red(L,D) = 2n−2 by Theorem 2.3. 
Now we study theM-reducibility number of 2n, whereM denotes the class of modular lattices. The lattice 22 is a
dismantlable lattice. Hence, itsM-reducibility number is 1. One can immediately observe that by deleting any singleton
from the lattice 23, we get a non-modular lattice with induced partial order as every such depleted lattice containsN5
as a sublattice. Since distributivity implies modularity we conclude that red(23,M) = 2. In fact, on the same lines we
have red(24,M) = 4. More generally, we have the following.
Theorem 2.4. Let L = 2n, n2 then red(L,M) = 2n−2.
Proof of Theorem 2.4 follows as a particular case of the following Theorem.
Theorem 2.5. Let L=C1 ×C2 × · · · ×Ck be a lattice where each Ci (i = 1, 2, . . . , k) is a chain of length ei , where
e1e2 . . . ek . Then red(L,M) = (e3 + 1)(e4 + 1) . . . (ek + 1).
Proof of this Theorem runs mutatis mutandis to the proof of Theorem 2.3. In that proof, the non-distributivity of any
depleted lattice is occurring due to the presence of the pentagon lattice as a sublattice, which is non-modular also.
Consider a still weaker class than modularity, that is, the class of semimodular lattices. The class of semimodular
lattices is reducible. On account of Remark 1.2 we obtain reducibility number with respect to the class of semimodular
lattices of 2n which is 1. On the other hand, select a stronger class of lattices than the class of distributive lattices. We
prove in Corollary 2.6 that theB-reducibility number, whereB denotes the class of Boolean lattices, is 2n−12n−2 =
red(2n,D). In general, we observe that ifL1 andL2 are two classes of lattices/posets such thatL1 ⊆L2 andL ∈L1
then red(L,L1)red(L,L2).
Corollary 2.6. red(2n,B) = 2n−1, for all n1.
Proof. Let L = 2n. We know that |L| = |2n| = 2n. Suppose red(2n,B) = r . It means there exists a set S which is a
B-deletable subset of L such that |S| = r and so |L− S| = 2n − r = 2k for some k. The smallest r for which this is true
is r = 2n−1 and since 2n−1 ⊆ 2n−2, 2n−1 is an upper bound for r also. 
Weend this section by giving some applications to algebra.The importance of group theory as a source for distributive,
modular and semimodular lattices is well known. Dedekind [3] observed that the lattice of normal subgroups of a group
ismodular. LetG be a ﬁnite group andL(G) denote the lattice of all subgroups ofG. Ore [7] proved that the latticeL(G)
is distributive if and only if G is cyclic; see [1]. For a cyclic groupZn with prime factorization of n = pe11 pe22 . . . pekk
it follows thatL(Zr ) is isomorphic with C1 × C2 × · · · × Ck , where each Ci (i = 1, 2, . . . , k) is a chain of length
ei . The class of ﬁnite Boolean lattices is a subclass of the class of distributive lattices of the formL(G), where G is a
ﬁnite group. In fact,L(G) is Boolean if and only if G is cyclic whose order is a square-free integer. In nutshell, the
class of ﬁnite lattices which are direct product of chains is same as the class of lattices of divisors of a positive integer
and it is same as the class of distributive lattices of the formL(G) for some ﬁnite group G.
The central theme of a tiny monograph by Suzuki [10] was the relation between the structure of the group and the
structure of the lattice of its subgroups. Suzuki [10] posed the following three questions.
(A) What can we say about the structure of group G, if we impose some lattice theoretic restrictions onL(G)?
(B) To what extent is the group G determined by its subgroup latticeL(G)?
(C) Are there any characteristic properties of subgroup lattices, etc.?
We observe in the following corollary that theP-reducibility number red(P,P) of a poset P, when restricted to class
of lattices, throws light on the order of the underlying ﬁnite group. In that direction we have the following consequences.
Corollary 2.7. Let G be a ﬁnite group such that the lattice of all subgroups of G, i.e.L(G), is distributive. Then
(i) red(L(G),D) = 1 if and only if O(G) has at most two distinct prime divisors, where O(G) is order of the group
G,
(ii) if red(L(G),D) is a prime number p then O(G) is divisible by exactly three distinct primes.
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Proof. By Ore’s [7] result G is cyclic. If r = O(G) then G is isomorphic withZr . Hence, if r = pe11 . . . pekk is prime
factorization of r into distinct primes p′i s, thenL(G)=C1 ×C2 × · · · ×Ck , where each Ci is a chain of length ei . By
Theorem 2.3, red(L(G),D) = (e3 + 1)(e4 + 1) . . . (ek + 1).
(i) If red(L(G),D) = 1 then k2. That means O(G) = r has at most two distinct prime divisors. Conversely, if
O(G) has at most two prime divisors thenL(G) ≡ C1 or isL(G) ≡ C1 × C2. In any case red(L(G),D) = 1,
as desired.
(ii) If red(L(G),D) = p = (e3 + 1)(e4 + 1) . . . (ek + 1), then as p is a prime, only one factor in this representation
is different from 1. Hence k = 3 andL(G) must be direct product of three chains. Consequently, O(G) is of the
form pe11 p
e2
2 p
e3
3 , where p1, p2, p3 are distinct primes. 
3. Reducibility in some posets
It is known that the class of upper semimodular (USM) lattices is reducible (see [2]); therefore, for any USM lattice
the reducibility number is 1. However, the class of USM posets is not reducible (see [6]). The reducibility number of
the USM poset in [6] of which no element is deletable is 2.
In general, we obtain a sufﬁcient condition for deletable subsets.
Theorem 3.1. LetPbeanUSMposet andp ∈ P beanatom.Consider the setS={x ∈ P : xp, xq, for any atom q(=
p) ∈ P }. Then P − S is an USM poset.
Proof. Let x1, x2 ∈ P −S. If x1, x2 does not cover a common element then nothing to prove. Suppose x≺Sx1, x≺Sx2,
x ∈ P − S, which necessarily mean x ≺ x1, x ≺ x2 also, otherwise if, x ≺ k ≺ x1, k ∈ P , then as x contains at least
one atom different from p, the element k contains at least one atom different from p, and therefore, k /∈ S ⇒ k ∈ P −S,
a contradiction. By upper semimodularity in P, there exists y ∈ P such that x1 ≺ y, x2 ≺ y. Since x1, x2 ∈ P − S,
y ∈ P − S also and x1≺Sy, x2≺Sy. 
We give the deﬁnition of an atomistic poset; see [11].
Deﬁnition 3.2. A poset P with 0 is said to be atomistic if for a, b ∈ P ; ab imply that there exists an atom pa but
pb.
Corollary 3.3. LetPbeanatomisticUSMposet.Then every atomofP is deletablewith respect to upper semimodularity.
In particular, the reducibility number of P with respect to upper semimodularity is 1.
Let P be a poset with 0 and a, b ∈ P . If {a, b}l = {0} and whenever {a, c}l = {0} then cb, we shall denote b by a∗
and we call it the pseudo-complement of a. A pseudo-complemented poset P is one in which for any element a ∈ P ,
the pseudo-complement a∗ exists in P.
It is shown by Kharat and Waphare [6] that the class of pseudo-complemented posets is not reducible. In fact, the
following table gives the information that no element of the poset depicted in Fig. 1 is deletable.
Delete an element An element has no pseudo-complement
p1, p2, p3, k∗ k
p4 x
∗
3
p5 x∗1
xi(i = 1, 2, 3) x∗i (i = 1, 2, 3)
k∗ k
x∗i (i = 1, 2, 3) xi(i = 1, 2, 3)
p∗i (i = 1, 2, 3, 4, 5) pi(i = 1, 2, 3, 4, 5)
Now, the reducibility number of the pseudo-complemented poset depicted in Fig. 1 is 2. In fact, by deleting elements
x2, x
∗
2 from poset depicted in Fig. 1, we get the poset P depicted in Fig. 2. It is easy to observe that x = x∗∗ for every
x ∈ P and so P is also a pseudo-complemented poset.
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Fig. 1. No element isPC-deletable.
Fig. 2. Pseudo-complemented poset P.
In this section, we wish to tackle the question whether there are subclasses of the family of pseudo-complemented
posets that are reducible. We also carry out scrutiny of semidistributive posets in relation to reducibility. We begin by
introducing the concept of u-poset.
Deﬁnition 3.4. A poset P is said to be u-poset if for every set of atoms p1, . . . , pk there exists an element w such that
piw, for i = 1, 2, . . . , k and there is no atom qw, with q = pi , for all i = 1, 2, . . . , k.
This deﬁnition readily gives:
Lemma 3.5. The class of u-posets is reducible.
But if we select those pseudo-complemented posets that are also u-posets, will the residual poset maintain pseudo-
complementedness after deleting an element even though it would preserve u-posetness? Let us investigate this question.
Denote the class of pseudo-complemented u-posets by UP.
Theorem 3.6. Let p be an atom in a pseudo-complemented u-poset P. Then either p isUP-deletable or J (P ) contains
an upper cover of p that is UP-deletable.
Proof. Let p be an atom of a pseudo-complemented u-poset P. Suppose that p is not UP-deletable. Then there exists
x ∈ (P −p) such that x has no pseudo-complement in (P −p), i.e. the set S ={t ∈ (P −p) : {t, x}l ⊆ {p, 0}} has no
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greatest element in P. Let y1, . . . , ym, (m2), be maximal elements of S. It is clear that p<x and there is at least one
atom contained in x and is different from p. Say q1, . . . , qk are these atoms. Since P is a u-poset, there exists an element
w ∈ P such that wqi for all i = 1, 2, . . . , k and there is no other atom contained in w. It follows that {w, yj }l = {0}
for all j = 1, 2, . . . , m. For, if {w, yj }l = {0} for some j, then there exists an atom, say qi for some i = 1, 2, . . . , k,
such that qiyj . But qix and qi = p therefore {yj , x}l ⊇ {0, qi} and {0, qi}{0, p}, a contradiction to the fact that
yj ∈ S.This means w∗ >yj , for all j = 1, 2, . . . , m. We get that w∗ /∈ S. Hence, {w∗, x}l contains a non-zero element
y = p. Let q be an atom such that qy and q = p. Then qyx implies that q = qi for some i = 1, 2, . . . , k. But
then qi ∈ {w∗, w}l , a contradiction. Hence, p is the only atom y. Clearly an element y0 such that p ≺ y0 and y0y
is join-irreducible. We claim that y0 isUP-deletable. Indeed, for a ∈ (P − y0), if a∗ = y0 is the pseudo-complement
of a in P then a∗ itself is the pseudo-complement of a in (P − y0); and if a∗ = y0 then the pseudo-complement of a in
(P − y0) is p. Also, it is easy to see that (P − y0) is a u-poset. 
We note the following immediate corollaries.
Corollary 3.7. If P is a pseudo-complemented u-poset with n atoms then there are at least n elements which are
UP-deletable.
Corollary 3.8. The class of pseudo-complemented u-posets is reducible.
Pseudo-complemented lattices and semidistributive lattices are closely related with each other. In fact, a lattice L is
(meet) semidistributive if and only if each of its intervals [z, 1], z ∈ L, is pseudo-complemented. We study the class of
semidistributive posets in respect of the notion of reducibility. We deﬁne the semidistributive poset as follows.
Deﬁnition 3.9. A poset P is called meet-semidistributive if the following condition is satisﬁed: {a, b}l = {a, c}l ⇒
{a, b}l = {a, {b, c}u}l , for any triplet a, b, c ∈ P .
Dually, a poset P is called join-semidistributive if {a, b}u={a, c}u ⇒ {a, b}u={a, {b, c}l}u for any triplet a, b, c ∈ P .
A poset is called semidistributive if it is both meet-semidistributive and join-semidistributive.
Now we characterize the deletable elements in meet-semidistributive posets, i.e.MS-deletable elements.
Theorem 3.10. Let P be a meet-semidistributive poset. An element x in P isMS-deletable if and only if the following
conditions (I) and (II) hold for a, b, c ∈ P .
(I) If {a, b}l ⊆ {a, c}l , {a, c}l − {a, b}l = {x} then {a, {b, c}u}l − {a, b}l = {x}.
(II) If {a, b}l = {a, c}l then {a, b}l = {a, {b, c}u − {x}}l .
Proof. Suppose that x is deletable and that the condition (I) does not hold. So that there exist a, b, c ∈ (P − x) with
{a, b}l ⊆ {a, c}l and {a, c}l −{a, b}l ={x} but {a, {b, c}u}l −{a, b}l = {x}. Therefore, {a, c}l ={a, b}l in (P − x) and
{a, {b, c}u}l = {a, b}l in (P − x). Consequently, x is not deletable, a contradiction. Therefore, condition (I) must hold.
Now assume that the condition (II) does not hold. Thus, there exist a, b, c ∈ (P − x) such that {a, b}l = {a, c}l and
{a, b}l = {a, {b, c}u − {x}}l . (1)
Hence, {a, b}l is properly contained in {a, {b, c}u − {x}}l . Therefore, there exists wa, w ∈ {{b, c}u − {x}}l but
wb. As P is semidistributive and {a, b}l = {a, c}l , we have
{a, b}l = {a, {b, c}u}l . (2)
From Eqs. (1) and (2) it is clear that x ∈ {b, c}u. Since wb and bx, we have wx. Thus, {a, b}l = {a, c}l in
(P − x) but {a, b}l = {a, {b, c}u}l in (P − x). We conclude that (P − x) is not semidistributive.
Conversely, suppose that conditions (I) and (II) hold. Also suppose that (P − x) is not semidistributive. Thus, there
exist a, b, c ∈ (P − x) such that {a, b}l = {a, c}l in (P − x). However, {a, b}l = {a, {b, c}u}l in (P − x). We consider
the following two cases.
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Case i: Suppose {a, b}l = {a, c}l in P. Then x ∈ {a, b}l or {a, c}l but not both, say x ∈ {a, c}l but x /∈ {a, b}l . Thus,
{a, c}l is properly contained in {a, b}l inP and {a, c}l−{a, b}l={x}.Thereforewehave, by (I), {a, {b, c}u}l−{a, b}l={x}
in P and so {a, {b, c}u}l = {a, b}l in (P − x), a contradiction to our earlier conclusion that these two subsets are not
equal.
Case ii: Suppose {a, b}l = {a, c}l in P. By (II), we have {a, b}l = {a, {b, c}u − {x}}l in P. Consequently, we have
{a, b}l = {a, {b, c}u − {x}}l in (P − x), a contradiction. 
It is known that the class of meet semidistributive lattices is reducible. We prove that the class MS of meet
semidistributive posets is also reducible. However, the class of bounded meet-semidistributive posets is not reducible.
The poset depicted in Fig. 1 is an example of a bounded meet-semidistributive poset no element of which is MS-
deletable.
Remark. It is possible in some cases to ﬁnd an upper bound for the reducibility number with the help of adjunct
operation, ordinal sum and direct product. For example, suppose L is a class of lattices closed with respect to the
operations ∧ and ∨ and L is a member of this classL. We recall the concept of adjunct representation of a lattice L;
see [12].
Deﬁnition. Let L1 and L2 be two disjoint lattices inL and (a, b) be a pair of distinct elements in L1 such that a <b
and a is not covered by b. Deﬁne the partial order  on L = L1 ∪ L2 with respect to the pair (a, b) as follows:
xy in L if and only if x, y ∈ L1 and xy in L1, or x, y ∈ L2 and xy in L2, or x ∈ L1, y ∈ L2 and xa in L1,
or x ∈ L2, y ∈ L1 and by in L1.
The procedure for obtaining L is called adjunct operation of L1 with L2 and the lattice L is called as adjunct of L1
with L2 with respect to (a, b) and written as L=L1]baL2. It is easy to see that L1 and L2 are sublattices of L and called
as adjunct factors of L.
In general, a lattice L is an adjunct representation of lattices L1, L2, . . . , Lk , if it is of the form
L = (. . . ((L1]b1a1L2)]b2a2L3)]b3a3 . . .)]bk−1ak−1Lk .
Select the minimum number m such that it is the cardinality of a lattice Li which is an adjunct factor of the lattice
L in some adjunct representation, that is, m = min{|Li | : Li is an adjunct factor }. Since the deletion of any adjunct
factor Li from the lattice L with respect to the classL gives a sublattice of the original lattice, that is, every adjunct
factor Li is a deletable subset of L with respect to classL, we conclude that red(L,L)m.
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